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The effect of contour angle on fractal dimension

measurements for brittle materials
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Slit-island analysis (SIA) has been successfully used to measure the fractal dimensional
increment (D∗) of fracture surfaces. The fracture toughness in brittle ceramics is related to
the fractal dimension. However, the measurement technique may affect the determined D∗

values. The purpose of this study was to determine the contour angle at which a valid
fractal dimension measurement could be obtained using the SIA method for baria silicate
glass-ceramic and zinc selenide ceramic. Two specimens of each material were duplicated
for each of the following contour angles: 0◦, 3◦, 5◦, 7◦, 22◦, and 90◦. After polishing to 1 µm
alumina slurry, the coastlines were photographed and arranged in a collage. The coastline
was analyzed using the Richardson technique. Results showed that the SIA technique is
sensitive to the contour angle since D∗ decreases with increasing contour angle for both
materials. C© 2001 Kluwer Academic Publishers

1. Introduction
The use of fractal dimension measurements to charac-
terize rough surfaces, e.g. fracture surfaces, has become
popular since Mandelbrot (1982) [1] re-introduced the
concept of fractal geometry. Fractals are geometrical
objects that permit fractional dimensions. Several au-
thors have used fractal geometry to quantitatively de-
scribe irregular fracture surfaces [2–11]. Thus, a frac-
ture surface may have the fractal dimension of, say,
2.3 where 2 is the topological dimension and 0.3 is the
fractal dimensional increment, D∗. Fractography has
been used to quantitatively relate the stress at failure,
the nature of the stress state and the amount of residual
stress to the sizes of the initial crack and surrounding
topography [12]. Fractography also has been used to
relate the flaw/mirror size ratio and the fracture tough-
ness, which, in turn, is related to the elastic modulus.
The combination of these relationships show that the
fractal dimensional increment, D∗, is directly related
to the flaw/mirror size ratio. This implies that there is a
linear scaling law between the energy of crack initiation
and the energy of microbranching at fracture and this
relationship is reflected in the features on the fracture
surface [12, 13].

The conceptual simplicity of the fractal dimension
for a surface is not matched by ease of measurement.
Many researchers [2, 7, 8, 10, 11, 14–16] have used
slit-island analysis (SIA) to obtain fracture surface
(horizontal) contours, along with the Richardson tech-
nique for fractal dimension determination. Some of
Mandelbrot’s original conjectures [1, 2] about (1) sur-
faces and cuts through them, (2) projections of frac-
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tal structures onto a low-dimensional surface, and (3)
isotropy of surfaces, are not necessarily applicable to
experimental measurements [17].

It is also necessary to differentiate self-similarity, in
which the dimensions in the z direction scale in the same
way as those in x and y, from self-affinity in which they
do not [16]. Many fracture surfaces are most likely self-
affine rather than self-similar [18]. Thus, the basic idea
that fracture surfaces are self-affine, and self-similar in
the horizontal plane, means that detailed structure is still
observed at progressively finer dimensions [16]. How-
ever, this may not be true once the measurements are
made out of the horizontal plane of fracture. Therefore,
the objective of this study is to determine the contour
angle at which a valid fractal dimension measurement
can be obtained using the SIA method for baria silicate
glass-ceramic (3BaO·5SiO2) and zinc selenide ceramic
(ZnSe).

2. Materials and methods
Materials with different microstructures were selected
to study the effect of contour angle on fractal dimension
measurements. A baria silicate glass-ceramic with a
large crystal aspect ratio and small grains (∼3–10 µm),
and a zinc selenide polycrystalline ceramic with large
grains (∼50–100 µm), were used in this study. The
microstructure and mechanical properties of these ma-
terials were previously studied and reported [19, 20].

All fracture surfaces were produced from specimens
loaded in 4-point flexure to failure. Two specimens
of each material were studied, and each contour or
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Figure 1 Schematic representation of a fracture surface profile and the contour angles used in this study.

Figure 2 Schematic representation of the sequence of procedures to obtain the contour angle images for the modified slit-island analysis.

polishing angle (0, 3, 5, 7, 22, and 90 degrees), as shown
in Fig. 1, was created on the exact same specimen by
using a replication technique detailed in a companion
paper [16]. Previous research [7, 19, 21] showed that
typical standard deviations in fractal dimension mea-
surements were 0.01 to 0.03. Therefore, six epoxy resin
replicas of each fracture surface were made for a total
of 24 specimens. All the specimens were sputter-coated
with gold-palladium for 4 min in a Hummer II Sputter
Coater (21020, Technics Inc., Alexandria, VA, USA) at
a current of 10 mAmp, and vacuum of 130 mTorr to pro-
duce a thick high contrast layer. A layer of epoxy resin
was poured over the coated replica to form a sandwich-
type structure of epoxy/coating/epoxy (Fig. 2A). Ex-
cept for the 90◦ contour angle specimens, three slices,
forming a triangle on the outside of the epoxy replica,
were made and polished, so that the fracture plane could
be visualized and marked (white line in Fig. 2B). Spec-
imens were mounted, upside down, in a fast set gypsum
stone with the marked fracture surface leveling the top
of the stainless steel holder. After the stone had set, the
holder containing the specimen was magnetically fixed
to the platform of a precision milling machine (CM
Dental, Cendres & Metaux SA, CH-2501, Biel-Bienne)
that was adjusted to the desired cutting angle. Care was
taken to allow the horizontal cut to start on the same
side as the fracture initiated in the up-side-down surface
specimen. Once the bottom of the specimens were cut
flat to the desired angles (black line in Fig. 2C), they
were taken out of the stone and mounted up-right on
polishing lappers. For the 90◦ contour angle, the spec-
imens were cut perpendicular to the fracture surface
and mounted on polishing lappers. All specimens were
ground down until “islands” appeared on the fracture
surface, and polished to 1 µm alumina slurry (Fig. 2D).

TABLE I Polishing or contour angles and fractal dimensional incre-
ment, D∗, for baria silicate glass-ceramic and zinc selenide ceramic. (n1)
and (n2) represent the two measurements obtained for each sample

D∗ (Baria Silicate) D∗ (Zinc Selenide)
Contour Angle (n1); (n2): Average (n1); (n2): Average

0◦ (0.31); (0.26): 0.28 (0.13); (0.12): 0.13
3◦ (0.24); (0.23): 0.23 (0.11); (0.10): 0.11
5◦ (0.20); (0.21): 0.21 (0.08); (0.08): 0.08
7◦ (0.17); (0.17): 0.17 (0.03); (0.04): 0.03

22◦ (0.14); (0.15): 0.15 (0.03); (0.03): 0.03
90◦ (0.03); (0.02): 0.03 (0.03); (0.01): 0.02

For the modified slit-island analysis, a series of 8–10
photographs were taken of the coastline, at a magni-
fication of 400×. The photographs were arranged in a
collage (Fig. 3) where the coastline was measured using
the Richardson technique, as described in a companion
paper [16].

3. Results
The fractal dimensional increment, D∗, obtained for
the six contour angles for baria silicate glass-ceramic
and zinc selenide ceramic are presented in Table I. The
data are also graphed in Figs 4 and 5. A representa-
tive image of the fracture surface of each contour angle
for baria silicate glass-ceramic and zinc selenide ce-
ramic are, respectively, presented in Fig. 6 and Fig. 7.
Many measurements have been made on the fractal di-
mensional increment (D∗) on 3BaO·5SiO2 and ZnSe
as well as other materials in previous work [7, 16, 19,
20, 21]. Typical D∗ values, when using the SIA tech-
nique, have a standard deviation ranging from ±0.01 to
±0.03, which is in the range reported in this study. It is
apparent that the slit-island technique is very sensitive
to contour angle for both the baria silicate glass-ceramic
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Figure 3 Schematic of a collage made of 9 photographs. The length of coastline should be measured from point A to B using dividers of varying
sizes (Richardson technique).

Figure 4 Fractal dimensional increment (D∗) values with respect to
contour angles for baria silicate glass-ceramic.

Figure 5 Fractal dimensional increment, D∗, values with respect to
contour angles for zinc selenide ceramic.

and the zinc selenide ceramic. The boundaries produced
by the different contour angles showed different levels
of tortuosity corresponding to the measurements shown
in Table I.

At a zero degree angle (parallel to the fracture sur-
face), the size of the polished islands is much larger
for the zinc selenide ceramic than for the baria silicate.
This difference can be due to either a different depth
of cut for tortuous materials, or due to different grain
sizes or microstructural features for the same depth of
cut. If the difference is due to different depth of cuts,

then the coastline measurements should result in the
same fractal dimension values, which they do not for
the same material. In the case for the same depth of
cut, a large grained material will produce what appear
to be fewer, large islands, due to the distance between
boundaries, and the small grained material will produce
many, smaller islands. Since there is a large difference
in microstructural features between the 3BaO·5SiO2
(∼3–10 µm) and ZnSe (∼10–100 µm), the most likely
reason for the difference in size of islands, for the many
different depth of cuts that were made, is primarily the
difference in microstructural features.

At the 5◦ angle and below, islands appear for both ma-
terials. For angles greater than 5◦, only isolated contour
lines appear (Figs 6 and 7). This observation becomes
very evident when the profile technique [16] is used to
obtain the coastline for the 90◦ contour angle (Figs 6
and 7, 90◦). For angles greater than 5◦, the polishing
or contour plane starts missing all neighboring texture.
The images from Figs 6 and 7 correlate with the data
shown in Table I and graphed in Figs 4 and 5. These
data show that there is a large change in D∗ values for
angles greater than 5◦.

The D∗ values obtained from the 5◦ and below
contour angle data for the baria silicate glass-ceramic
and zinc selenide ceramic are in agreement with the
predicted lines on the D∗1/2 versus KIC graph for the
modified SIA values (Fig. 8) presented in other studies
[16, 19].

4. Discussion
Experimental procedures to obtain slit islands to mea-
sure D∗ involve polishing a fracture surface. Since one
cannot precisely know either the polishing altitude or
the orientation of the polishing plane, it is important
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Figure 6 Coastline images for baria silicate glass-ceramic. Increase in contour angle shows corresponding decrease in roughness (magnification
400×). [Bar = 25 microns for all angles.]

Figure 7 Coastline images for zinc selenide ceramic. Increase in contour angle shows corresponding decrease in roughness (magnification 400×).
[Bar = 25 microns for all angles.]

to understand how contour dimension may vary with
polishing or contour angle and altitude.

This study has shown that a slight variation of over
5◦ on the polishing angle produces significant variation
on the appearance of the coastline (Figs 6 and 7) that,
consequently, affects the values obtained for D∗. At
the 5◦ angle and smaller, islands appear for both ma-
terials. A higher density number of islands are clearly
observed in a single micrograph for baria silicate glass-
ceramic than for zinc selenide ceramic. This can be ex-
plained by the difference in grain size between the two
materials, in which the smaller grained, large crystal
aspect ratio material would produce smaller islands lo-
cated in closer proximity to each other than a large
grained material, like zinc selenide. Thus, there is not
a change in measurement principle between the two
materials, only a change in scale.

For angles equal to or greater than 7◦, only isolated
contour lines appear (Figs 6 and 7). These single con-
tour lines, as opposed to the complete islands, show
a different degree of tortuosity or roughness for each
material. For the 3BaO·5SiO2 glass ceramic, the closed
islands [≤5◦] have D∗ values>0.2 and the isolated lines
have D∗ values below 0.2. For ZnSe, the values for D∗
drop below 0.08 [at 5◦] to 0.03 [at 7◦] corresponding to
the change from closed islands to single contour lines.
This suggests that the degree of tortuosity is depen-
dent on the size of the microstructure on the fracture
surface and the degree of divergence from the fracture
plane. After the 7◦ angle, the polishing or contour plane
starts missing all neighboring texture, and at 90◦ it does
not retain any significant feature of the fracture surface
but a profile representation of the surface roughness.
Note that this demonstrates that a single profile does
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Figure 8 Fracture toughness versus fractal dimensional increment for material classes including materials and contour angles used in this study.
Squares −0◦; Greek crosses −3◦; triangles −5◦; stars −7◦; hexagons −22◦; Saint Andrew’s crosses −90◦. Open symbols are for baria silicate
glass-ceramic, and filled symbols are for zinc selenide ceramic.

not represent the texture of the fracture surface for self-
affine fractals.

The contour dimension change with polishing angle
effect is in agreement with a study by Mackin [21] who
investigated the fractal dimension using computer mod-
eled fracture surfaces. He showed that there was no sig-
nificant difference in contour dimension with altitude,
and that the roughness parameter (H ) is related to sur-
face dimension (�z = �t H , where �z is the change in
vertical scale and �t is the change in horizontal scale).
For self-similar fractal structures, H = 2 − D for sur-
faces. However, this relationship does not hold for self-
affine structures [17], such as fracture surfaces. As H
increases the surface texture diminishes and the sur-
face dimension decreases. Mackin also concluded that
there was no apparent relationship between the surface
(horizontal plane) and profile (vertical plane) dimen-
sions. Mandelbrot [22] and Russ [17] also stated that
profile dimension has no relationship to surface dimen-
sion for self-affine surfaces. However, this relationship
holds for self-similar surfaces. Recall that fracture sur-
faces of materials that fail in a brittle manner are most
likely self-affine, but are self-similar in an horizontal
plane.

5. Conclusions
The results of this study showed: (1) the measured frac-
tal dimensional increment, D∗, decreases with increas-
ing contour angle for the baria-silicate glass-ceramic
and zinc selenide ceramic; (2) the D∗ values obtained
using the SIA technique are very sensitive to the con-
tour angle; and (3) D∗ values vary with fracture surface
structure following the predicted material class lines on
the KIC versus D∗1/2 graph.

Future research should focus on modeling real frac-
ture surfaces, and use other imaging techniques, such

as atomic force microscopy, to verify at all scales the
observations made in this study.
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